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Abstract ：I n t his article，after givi ng some suitable concepts and elementary properties of subi deals of a Jor-
dan tri ple system，t he aut hors shoWthat any regular subi deal of a Jordan tri ple systemis a regular i deal ，and f ur-
t her ，any subi deal of a regular Jordan tri ple systemis a regular i deal .

Key words：j ordan tri ple system；subi deal ；regular
CLC number：0 153 .5 Document code：A Article ID：1000 -1565（2002）03 -0215 -04

1 Preli minaries

Throughout t he present paper ，We assume !is a commutati ve ri ng Wit h 1 .
Definition 1 .1 A unital !- moudule T toget her Wit h a trili near map T > T > T —T，（I ，y ，Z ）一｛IyZ ｝is
called a tri ple system.
Definition 1 .2 A map of unital !- module P ：M—M is called Cuadratic，if

1）P（aI ）= a 2P（I ）f or all I GM，a G!，and
2）P（I ，y ）：= P（I + y ）-P（I ）-P（y ）is li near i n I and y .
Let J be a unital !- module and P ：J —End J be a Cuadratic map .I n t his case，We call（J ，P ）a Cuadratic

tri ple system，si nce P i nduces a trili near composition（I ，y ，Z ）一｛IyZ ｝：= P（I ，Z ）y ，and hence P i nduces on
J t he struct ure of a tri ple system. Usually，We omit t he adj ecti ve“Cuadratic”and si mply call t he pair（J ，P ）a
tri ple system（Most often We call J rat her t han（J ，P ）t he tri ple system.）.And f urt her ，t he map Pi nduces a bi-
li near map L ：J > J —EndJ ，（I ，y ）一L（I ，y ），Where L（I ，y ）Z =｛IyZ ｝= P（I ，Z ）y .

If "is a unital commutati ve associati ve algebra over !（i .e .，an extension of !），We denote J "：="②!J .（J "
is an "- module，" （"②j ）=" "②j .）

Definition 1 .3 The pair（J ，P ）is called a Jordan triple system（Jts），if
（J .T .1） L（I ，y ）P（I ）= P（I ）L（y ，I ） “homotopy f or mula”
（J .T .2） L（P（I ）y ，y ）= L（I ，P（y ）I ）
（J .T .3） P（P（I ）y ）= P（I ）P（y ）P（I ） “f undamental f or mula”

hold i n J and all extension J ".
Definition 1 .4 If J is a Jordan tri ple systemover !，a submodule A of J is Jt-subsyste m，if P（A）AgA；It is
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a Jt-ideal and denoted by A＜J or J 卜A，if P（A）J 二A，P（J ）A二A and ｛JJA｝二A .Let（J ，P ），（J/ ，P/ ）be
tri ple systems over !，a !-li near map f I 一J J/ is a homomorphismf romJ to J/ ，if f（P ）（I ）y ）= P/（f（I ））f
（y ）f or all I ，y GJ .Ismorphismand automorphismare defi ned i n t he usual Way .as usual ，A is an i deal ，if f it is
t he kernel of some homomorphism，and t he Iuotient  J =J／A（A is an i deal of J ）toget her Wit h t he i nduced map
 P ， P（ I ） y = P（I ）y ，is a Jts .The usual homomorphism and ismorphismtheorems hold .

I n t he f olloWi ng，We denote by J a Jordan tri ple systemover !.
Definition 1 .5 J is called a si mple Jordan triple system，if P（J ）J 羊0 and J has no proper i deals .an i deal of J
is called si mple if it itself is a si mple tri ple system.
Definition 1 .6 Let A be a subsystemof J ，t he derived series of A are defi ned recursively as

A〈1〉= A， A〈2（a + 1）-1〉= P（A〈2a -1〉）A〈2a -1〉，

f or a =1，2，⋯

ais called solvable，if A〈2a -1〉= 0 f or some a G N . By t he usual homomorphism and isomorphism theo-
rems，We see t hat if A，B are solvable i deals of J ，t hen A + B is a solvable i deal ，and if J is Noet herian，t hen J has
a uniCue maxi mal solvable i deal RadJ .The uniCue maxi mal solvable i deal RadJ is called t he solvable radical of J .
J is called semisi mple，if RadJ =0 .
Definition 1 .7 Let A be a subsystemof J ，The powers of A are defi ned recursively as

A1 = A， A2（a + 1）-1 = P（A2a -1）A + P（A）A2a -1 +｛AAA2a -1｝，

f or a =1，2，⋯

We call A nil potent ，if A2a -1 =0 f or some a GN .
Definition 1 .8 asubsystem A of J is called a subideal of J，if t here exists 7 + 1 subsystems Ai ，f or i =0，1，2，
⋯，7 ，such t hat A = A0＜A1＜A2＜⋯＜A7 -1＜A7 =J .
Remark：We denote“A is a subi deal of J”by eit her“A＜＜J or“J 卜卜A”.

2 Mai n results

For a Jordan tri ple system J ，We have
Theoram 2 .1 If A＜＜J ，B＜＜J and D＜＜A，J 。is an arbitrary subsystemof J ，t hen

1）D＜＜J .
2）（A nJ 。）＜＜J 。.
3）If A二J 。，t hen ＜＜J 。.
4）（A n B）＜＜J .
5）If f is an epi morphismof J onto J/ ，t hen f（A）= A/ is a subi deal of J/ ；conversely，if E/ is a subi deal of

J/ ，and E is t he complete i nverse i mage of E/ under f ，t hen E ＜＜J .
6）If J is nil potent ，t hen J 。＜＜J .
7）If J is t he direct sumof its si mple i deals，t hen all subi deals of J are its i deals .
Proof .It is tri vial to prove t his t heorem，so We omit it .

By defi nitsion 1 .8，each i deal of a Jodan tri ple systemis a subi deal of it ，but it is not necessarily true vice
versa .as an example，We consi der a special j ordan tri ple system.

In［5］，E .I .zel/ manov defi ned t he struct ure of a Jordan tri ple system R（+ ）on an associati ve algebra R by
setti ng P（I ）y = IyI ，and called it one of t he eight sorts of classical Jordan tri ple systems .

Let M be a set of strongly upper triangular matrices（aij ）5 > 5（aij = 0，if i ）j ）over real number field R .It is
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readily seen t hat M is an associati ve R- algebra Wit h t he customary matri x addition，multi plication and scalar op-
eration by el ments of R .We defi ne P（X）Y = XYX（multi plication of matrices），f or all X，Y  M . then（M，

P ）is a Jts，denoted by M（+ ）.
We notice t hat i n M（+ ），｛XYZ ｝= （X，Y）Z = P（X，Z ）Y = P（X + Z ）Y -P（X ）Y -P（Z ）Y = XYZ

+ ZYX， X，Y，Z M（+ ）.
it is easy to prove t hat M is a nil potent associati ve algebra .in t he same Way，We can shoW that M（+ ）is a

nil potent Jts and

M1 =

0 a 12 a 13 a 14 0
0 0 a 23 a 24 0
0 0 0 a 34 0
0 0 0 0 0

 

 

 

 0 0 0 0 0

，aij   

 

 

 

 

 

R ，

is a Jt- subsystemof M（+ ）.
By t heorem2 .1 .6），We have M1 M1 + M3 M .
Let

m1 =

0 1 1 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 0
 

 

 

 

 0 0 0 0 0

 M1，m =

0 1 1 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1

 

 

 

 0 0 0 0 0

 M，

t hen ｛m1mm｝ ｛M1MM｝.
But

｛m1mm｝=

0 0 0 2 3
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

 

 

 

 0 0 0 0 0

 M1 .

thus，M1 is a subi deal of M，but M1 is not an i deal of M .
By t he above- mentioned example，someone may ask：When a subi deal of a Jts is its dieal .in theorem2 .6），

7），We have t Wo results f or t his Cuesti ng .in t he f olloWi ng，We Will give some more conclusions f or it .
At first ，We i ntroduce a ki nd of i mportant Jordan tri ple system，i .e .，regular Jordan tri ple system.

Definition 2 .2［1］ O  J is called regular，if O = P（O ） f or some   J ；J is called a regular jts，if each ele-
ment i n it is regular ；a subsystem A of J is called regular，if A is regular as a Jts；an i deal B of J is called regu-
lar，if each element i n it is regular .
Lemma 2 .3［1］ if O  J is regular ，t hen t here exists y  J such t hat（O ，y ）is a regular pair ，i .e .，P（O ）y = O ，
P（y ）O = y .
Lemma 2 .4 if J is a Jts over !，B is an i deal of J ，t hen t he f olloWi ng t Wo properties are eCuivalent ：

1）B is a regular Jt-subsystemof J；

2）Each element i n B is regular i n J .
Proof .1） 2）is tri vial .
2） 1）：Let O  B .si nce O is regular i n J ，hence by lemma2 .3，t here exists y  J such t hat O = P（O ）y ，

and y = P（y ）O .thus We get y  B，si nce B is an i deal of J . theref ore O is regular i n B，i .e .，B is a regular
subsystemof J .this completes t he Proof of t he lemma .
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Remark：By lemma2 .4 .If B（!J ）is an i deal of J ，t hen B is regular iff B is a regular subsystemof J .
Theorem 2 .5 if J is a Jts over !，and A is a regular subi deal of J（i .e .，A is bot h a regular subsystem and a
subi deal of J ），t hen A is a regular i deal of J .

Proof .si nce A""J ，we have t he f ollowi ng chai n of subi deals：A = A0"A1"A2"⋯"AT =J .
First ，we showthat A"A2 .To do so，it suffices to show1）.P（A）A2!A；2）.｛A1A2A｝!A；3）.P（A2）

A!A .
Let a #A，O ，$ #A2 .si nce A is regular ，we have b ，c #A such t hat a = P（a ）b and b = P（b ）c ，t hus a =

P（a ）P（b ）c .Then P（a ）A2 = P（a ）P（b ）P（a ）A2!P（a ）P（b ）A1!A，si nce A2 is an i deal of A1 and A1 is
an i deal of A . ~ence 1）is true .

To prove 3），we have O$a = L（O ，$ ）P（a ）b = P（｛O$Z ｝，a ）b -P（a ）｛$Ob ｝#P（A1，A）A + P（A，A1）

!A，f or all a #A，O ，$ #A2 .
Fi nally，2）is true si nce

P（O ）a = P（O ）P（a ）P（b ）c = P（｛Oab ｝）c + P（P（O ）a ，P（b ）a ）c -P（b ）P（a ）P（O ）c -P（O ，b ）P（a ）P
（O ，b ）c #A，f or all a #A，O ，$ #A2 .

~ence，we get A"A2 .
Thus，t he above- mentioned chai n of subsystems becomes A = A2"A3"⋯"AT = J .I n t he same way，we

have A"A3，t hen we can get A"J by i nduction .By Lemma2 .4，we see t hat A is a regular i deal of J ，si nce A
is a regular subsystem.This completes t he proof of t he t heorem.
Corollary 2 .6 If（J ，P ）is a regular Jts over !，and A is a subi deal of J ，t hen A is a regular i deal of J .

Proof .By Theorem2 .5，it suffices to showthat A a regular subsystemof J .I n f act ，si nce A""J ，we get A
= A0"A1"A2"⋯"AT =J .si nce AT -1"J ，and J is a regular Jts，by defi nition2 .2，AT -1is a regular i deal of
J . Thus by Iemma2 .4，AT -1is a regular subsystemof J .I n t he same way，we have t hat AT -2is a regular subsys-
temof AT -1 .Then by i nduction we get t hat A is a regular subsystemof A1，i .e .，A is regulsr as a Jts .There-
f ore，A is a regular subsystemof J .The corollary is proved .
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Jordan 三系的次理想的几个性质

张知学1，董 磊2

（1 .河北大学 数学与计算机学院，河北 保定 071002；2 .河北农业大学 理学院数学与信息科学系，河北 保定 071001）

摘 要：首先给出了Jordan 三元系的次理想的定义与Jordan 三元系的次理想的几条简单性质，举例说
明了次理想与理想是2 个不同的概念.然后，对一类重要的Jordan 三元系———正则Jordan 三元系，证明了它
的次理想成为理想的几个充分条件.
关键词：Jordan 三元系；次理想；正则的 （责任编辑：李洪建）
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